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To deal with inhomogeneous diffusion coefficients of ions without altering the lattice spacing in the kinetic
lattice grand canonical Monte Carlo (KLGCMC) simulation, an algorithm that incorporates diffusion coefficient
variation into move probabilities is proposed and implemented into KLGCMC calculations. Using this
algorithm, the KLGCMC simulation method is applied to the calculation of ion currents in a simple model
ion channel system. Comparisons of ion currents and ion concentrations from these simulations with-Poisson
Nernst-Planck (PNP) results show good agreement between the two methods for parameters where the latter
method is expected to be accurate.

I. Introduction of an adatom on a surface when the diffusion coefficient has
an Arrhenius forn?:220um and co-workers revealed that when
the diffusion coefficient is expressed in terms of the sojourn
time of a particle at a position it is equivalent to the Arrhenius
form.23 Farnell and Gibson performed off-lattice Monte Carlo

Kinetic or dynamic lattice Monte Carlo (KLMC or DLMC)
simulation algorithms and Brownian dynamics (BD) simula-
tion method% 8 are useful tools for studying ion transport in

comple_x systems such as an g)élil%har?né'ﬂl.The moI(_aCUI'ar (MC) simulations of diffusion with a spatially varying diffu-
dynamics (MD) simulation methott, *® which can describe ion sion coefficient, and showed that accurate results can be

transport at an atomistic level, is computaﬂonally too demanding produced by altering both the MC step size and the stepping
to reach the time scales needed for ion transport in ion Channelsprobabilityz“

On the other hand, Poissehlernst-Planck (PNP) theory/2° n thi introd babilitv-based alqorithm t
based on a dielectric continuum model, can be used to calculate n this paper, we introduce a probabriity-based aigorithm 1o

ion currents at necessary time scales, but several important issuegeal .W'th |nhomogeneoys dlﬁuglon coeff|C|er!ts of lons W".[hom
such as finite ion size and correlation effects are ignored in that altering the lattice spacing and implement this algorithm into a

theory. As alternative computational methods, the KLMC and It<_|net|c Itar;[tlge glratrt1_d c%nonlé:al_ Molni_e Carlo (KL(;CQAC) s_|rrt1L|_Ia_-
BD simulation methods overcome limitations of both MD and 0" Method, a lattice-based Simulation approach. By maintaining

PNP methods by using a simple description of the proteins ang 2 constant lattice spacing, this algorithm does not require any

membranes and employing explicit ions. Consequently, KLMC interpolation scheme and is easy to implement into a lattice-

simulations and BD simulations can be performed for time scales baged method. We al'so calgulate lon c.u'rrents in a simple mod-
relevant to ion transport in ion channels. el ion channel using this probability-based KLGCMC

. . ) . algorithm.
In a lattice-based approach, the ions move on a fixed lattice . . , , )
for each time step. Consequently, when ions have a spatially This probability-based algorithm is basically the same as other

varying diffusion coefficient such as occurs inside a chafiel,  Kinetic Monte Carlo (KMC) schemes proposed by Gille$pie

the implementation of an inhomogeneous diffusion coefficient ©F Py Fichthorn and Weinbet§jin that all of them describe the

into a lattice-based method causes difficulty. stochastic processes of multiple events, but those KMC schemes
Cheng et al. proposed a method to incorporate the inhomo- &€ used to simulate the reaction process while the algorithm

geneous diffusion coefficients of ions into DLMC simulaticns. N this paper is used to describe the diffusion process of
In that method, the lattice spacing is varied depending on the |ons._ ) ) )
diffusion coefficients, and the electrostatic interaction energies 1 his paper is organized as follows. In the next section, the
at the ion positions are calculated with a multilinear interpolation Probability-based algorithm to treat inhomogeneous diffusion
algorithm. This use of interpolation is a computational limitation Coefficients of ions is proposed. A simple model system is
for this method. introduced, and applications of the KLGCMC simulation method
Natori and Godby and later Righi et al. have shown a linear from Hwang et aft with this algorithm to the model system are

relationship between the time and the mean square displacemerr‘i’reseme,d in section lll. Qomparlsons of KLGCMC S|mulat|o_n
results with PNP calculations are also made in the same section.

T Part of the “Giacinto Scoles Festschrift”. Further studies of the KLGCMC simulation method with the

*To whom correspondence should be addressed. E-mail: hhwang@ Probability-based algorithm are discussed in the final
kangwon.ac.kr. section.
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Figure 1. 2D cross section of a 3D model ion channel system. The
local control regions in the KLGCMC are located at the botteré@

< z< —50 A) and the top (56< z < 60 A). LY = 100 A andLcn, =

40 A. The bulk salt concentration at both LC regions is 0.1 M.

Il. Methods

A. Kinetic Lattice Grand Canonical Monte Carlo (KLGC-
MC) Simulations with the Local Control Method. Because
the details of the KLGCMC simulation with the local control
method are discussed elsewh&?&,30 we only briefly describe

the simulation method here. In this method, the creation and

deletion of ions are restricted to local control (LC) regions, and
only diffusion occurs in the diffusion region. For the ion channel

in this work, the LC regions are located at the bottom and top

of the simulation box shown in Figure 1.
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NL
1, expl-B = Uy 1 — Uy +

v

Py—n-1= mm{

qde¢ext(r del))]} (3)

whereqqgel andrge are the charge and position of the deleted
ion.

An ion move is performed by sequentially selecting an ion
and moving it to one of the six nearest-neighbor sites in the
case of 3D. The move is accepted or rejected with a probability,
Pa—p given by

P.p = Min{1, expF-A(Uy, — Uy} (4)
where Uy, (or Uy,) is the total interaction energy before (or
after) a move and (or b) is the ion position before (or after)
a move.

A time step, which is required to calculate ion currents, is
given ad

_ (AL’

At 6Dref

(%)

where AL is the lattice spacing in the KLGCMC simulation
andD¢' is a reference ion diffusion coefficient, which will be
explained in the next subsection. Then, ion currents are
calculated using the equation

INST] 6DINGS™ D)

on on

At (AL)?

| (6)

ion

In this simulation method, ion creation is performed by WhereNg**is the number of ions (cations or anions) crossing
randomly selecting a lattice site in one of the two LC regions the cross section per time step.

and by attempting to create a cation or anion on that lattice B. Implementation of Inhomogeneous Diffusion Coef-
point. A creation attempt is accepted or rejected with a ficients. In the KLGCMC Slmulatlon,aconstant lattice spacing

probability, Py, —n,+1):

Py

Pn—nor = mi”{ LN 1

expB — f(Uy 11 — Uy —

qcred)cre(rcre))]} (1)

wherep, = V/V whereV_ andV are the volumes of a local
control region and the simulation box, respectively. In ey|1,
(or NL + 1) is the ion number in that local control region before
(or after) an attempty, (or Uy, + 1) is the total interaction
energy of ions before (or after) an attemgge andr e are the
charge and position of the created iahy(r) is an external
field explained later, anf is 1ksT wherekg is the Boltzmann
constant and is a temperature. The constdhin eq 1 is given
as

B=fu+ |nA13 ?)

whereu is the chemical potential of the created ion akd=
h(2zmksT)Y2 wherem is the mass of the created ion. In the

applications in this paper, we assume that cations and anionssojourn time of ioni at r;.

have the same chemical potential and mass.
For ion deletion, an ion in one of the two LC regions is

randomly selected and an attempt to delete that ion is accepted
or rejected by generating and comparing a random number with

a probability, Py, —n, —1):

is employed in all regions of the simulation box. To treat
inhomogeneous ion diffusion coefficients without altering the
lattice spacing, we introduce an algorithm based on move
probability.

Natori and Godb3* and later Righi et 42 showed a linear
relationship between time and mean square displacement when
the ratio of two diffusion coefficients is written as

EX(r)
exp — kBT

where Di(r;) and E*{(r)) are a space-dependent diffusion
coefficient and an activation barrier energy of ioatr;. The
reference diffusion coefficier’is chosen as the largest value
among the bulk diffusion coefficients of the cation and anion.
Oum et al. showed that when the ratio of two different diffusion
coefficients of ioni is written as

Di(r) _ 1
D ()

then eq 8 is equivalent to ecf7In eq 8,7i(r;) is a dimensionless
We now introduce a diffusion

Di(ry)
Dref -

()

(8)

probability of ioni as

1 _Dbi)

ditr, \ _
AT = t(r) D™

9)
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where it is assumed th&re’ > Di(r;). Equation 9 implies that ~ TABLE 1: lon Parameters

the ioni moves to one of the nearest-neighbor lattices with a B (eq 2)

probability of Pid'f(ri) = 1/ti(r;) when the ion diffusion coef- . h dii (A Dbk (10°5 e/ 010 M

ficient is smaller tharD"f but moves unconditionally when the 'Or_]s charged)  radi () ( cnis) -

diffusion coefficient isD'®’. Thus to make a move attempt for ~ cation +1 10 2.0 4.54
anion -1 1.0 2.0 4.54

ioni due to the diffusion coefficieri(r), a random number is
generated and compared with the diffusion probabmiﬂf/(r)
from eq 9.

C. Interaction Energy Calculation. To test the proposed
KLGCMC simulation method and the algorithm for implement-
ing inhomogeneous ion diffusion coefficients, we consider a to reduce finite ion size effeé?. The parameteB in eq 2
problem with very simple interactions. First of all, no electro- associated with the bulk salt cbncentration is determinéd by
static interaction between ions is assumed and ions onIyinteractperforming LGCMC simulations for a bulk ’ion system with
with an applied external field. A hard-sphere potential between different B values and by selecting a value that gives the bulk
ions is employed as a short range interaction. Second, we assum

external voltage in eq 13 is applied to the system. To avoid the
reaction field effect due to the dielectric boundaries, dielectric
constants of the channel and membrane are assumed tede 80

We use a small ion radius of 1.0 A for both cations and anions

the dielectric constants of the channel and the membrane to be

the same as the water dielectric constan¢éo8® avoid any
reaction field effect. Then, the total interaction enetdy in
the system can be writtene4-32

) = z U (riory) + z hi(r;) + z Oidexdr) —

1<]

Un(rprp ==

Di(r)

T In (10)

Dref

Here the direct interaction between ionandj, u;(ri.r;) is a
hard-sphere potential given as

o [rj =1l <0t

0 otherwise (11)

U (riry) ={

whereo; ando; is the radii of the ion$ andj, respectively. The

interaction energyi(r) in the second term represents the hard-
wall interaction of ion with the boundaries between water and

the channel or membrane region and is given by

o I'; € channel or membrane region
0 otherwise

h(r) = { (12)

We assume the external fieid«(r) to be linear and expressed

as

L2 — 7
Pexl(r) = VOT

z

(13)

whereL%" is the length of the diffusion region along thexis

and Vy is a voltage applied to the bottom of the model ion

channel system (see Figure 1).

To describe inhomogeneous diffusion in the KLGCMC

simulation correctly, the diffusion probabilit®'(r;) in (9)
must be taken into account in the interaction enekgyi,ro,

- ,rn). The last term in eq 10 incorporates this diffusion

probability into the KLGCMC simulatiof:-24

Ill. Data and Results

A. Description of the Model System and Details of
KLGCMC Simulations. A 2D cross section of the 3D model

§alt concentration of 0.1 MThe bulk concentration of 0.1 M
Is used for all the simulations in this work. See Table 1 for the
ion parameters used in the simulations.

KLGCMC simulations are performed on a 8181 x 121
grid with a grid size of 1.0 A. Periodic boundary conditions
are used in th& andy directions, whereas a reflecting boundary
condition is used in the direction. To calibrate the present
results, we also use PNP theory to calculate currealtage
curves and other propertiés2? PNP is a dielectric continuum
model which should lead to the same results for our assumed
ion channel parameters as long as reaction field effects are not
important. The PNP calculations are carried out on a<881
x 101 grid with a grid size of 1.0 A to have the same resolution
as the KLGCMC simulations. To define the ion-accessible
region inside the channel, a Stern layer parameter of 1.0 A is
used for the PNP calculatioR$For calculating ion currents at
each applied voltage, the data are collected for 9 000 000
KLGCMC cycles after 1 000 000 KLGCMC cycles are com-
pleted to define a steady-state.

B. Discontinuously Changing Diffusion Coefficients inside
the Channel. In this section, we present a case where the
diffusion coefficients of ions change discontinuously inside the
channel. In this case, the diffusion coefficieBir) in eq 9 is
given as

D ) ={ Do 12 = Land2 (14)
cat(or ani Dblk otherwise

whereL¢n = 40 A is the length of the channel amgh = 2.0,

1.0, and 0.5x 107° cn?/s, respectively (see Figure 2). In this
example we assume that the diffusion coefficients of the cation
and anion are the sam™f is taken to beD™s = DPk = 2.0 x

1075 cn¥/s.

Figure 3 shows the dependence of the cation current density
voltage curves on the inside-channel diffusion coefficients. Since
the channel has no ion selectivity, the cation and anion current
densities are the same and for clarity, and only the cation current
densities are presented. As expected, decrease of the inside-
channel diffusion coefficient of the cation leads to a decrease
in the cation current density. Good agreement between the
KLGCMC simulation results and the PNP calculations is seen
in Figure 3.

The ion concentrations & = —0.2 V are presented in Figure

ion channel system under investigation is shown in Figure 1. 4. At Vo= —0.2 V, cations flow from the top to the bottom of
The model ion channel is depicted as a cylinder whose radiusthe simulation box, and anions flow in the opposite direction.
and length are 5 and 40 A, respectively. The LC regions are As the inside-channel ion diffusion coefficient decreases, the
located at the bottom=60 < z < —50 A) and the top (50< ion concentration in the channel increases because the slow
z =< 60 A) of the system. The length of the diffusion region in transport of the ions leads to pile-up of the ions inside the
the z direction Lf‘f is set as 100 A. For simplicity, no fixed channel. The average numbers of the cations and anions inside
charges are introduced inside the ion channel and a linearthe channel are (0.686, 0.686), (0.762, 0.783), and (0.824, 0.838)
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Figure 2. Discontinuously changing diffusion coefficients of ions as
a function ofz. The cation and anion are assumed to have the same
bulk and inside-channel diffusion coefficients. The locations of the
channel entrances at= +20 A and the local control regions at=

450 A are also shown. The diffusion coefficients are in units of510
cmé/s.
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Figure 3. Dependence of cation current densigyoltage curves on
the inside-channel diffusion coefficients in the case of discontinuously
changing diffusion coefficients. Comparison between the KLGCMC
simulation results and the PNP calculations is also shown. For clarity,

0.2

only the cation current densities are presented. The bulk salt concentra-

tion is 0.1 M. The diffusion coefficients (see inset) are in units of°10
cn¥/s.

in panels ac of Figure 4, respectively. Good agreement
between the KLGCMC simulation results and the PNP calcula-
tions is shown.

C. Continuously Changing Diffusion Coefficients inside
the Channel. In this section, we present another case where
the diffusion coefficients of ions continuously change inside
the channel. The diffusion coefficieBt(r) in eq 9 is given as
a function ofz as follows®

Dggtn(or aniir) =
pen |z <10 A
pehn 4 (Dchn_ Dblk)f(Z) 10A < lz| < Lchr/2
D"k otherwise

Concentration (M)

-40 20 40 60

0
z(A)
Figure 4. Dependence of cation and anion concentration profiles on
the inside-channel ion diffusion coefficients\a= —0.2 V. (a) D"
= 2.0 x 1075 cn¥/s, (b)De"" = 1.0 x 1075 cn¥/s, and (c)D"" = 0.5
x 107% cn?/s. Comparison between the KLGCMC simulation results
and the PNP calculations is also presented. The locations of the channel
entrances a = +20 A and the local control regions at= +50 A are
also shown. The bulk salt concentration in both LC regions is 0.1 M.

wheref(z) = 2((z — z)/L)® — 3(z — z)/Lo)? andz. = 10 A
andL¢ = Lend2 — 2o andDenn = 2.0, 1.0, and 0.5¢ 1075 cn?/

s, respectively. As in the previous example, the diffusion
coefficients of the cation and anion in bulk and inside the
channel are assumed to be the same. &= Dk = 2.0 x
1075 cn¥/s. TheD(r) is shown in Figure 5.

The dependence of the cation current denrsityltage curves
on the inside-channel diffusion coefficients is shown in Figure
6. As in the previous case, only the cation current densities are
presented for clarity. Good agreement between the KLGCMC
simulation results and the PNP calculations is also found in
Figure 6.

Figure 7 shows the ion concentrationsvgt= —0.2 V. The
average numbers of the cations and anions inside the channel
are (0.686, 0.686), (0.822, 0.817), and (0.938, 0.912) in panels
a—c of Figure 7, respectively. Compared with the previous case,
the ion concentrations in this case increase inside the channel
and have a maximum arourm= +z. This leads to a higher
average number of ions in the channel. Good agreement between
the KLGCMC simulation results and the PNP calculations is
also shown in Figure 7.

D. Asymmetric Diffusion Coefficients of Cations and
Anions in Bulk as well as inside the Channelln this example,
cations and anions have asymmetric diffusion coefficients in
both baths as well as inside the channel. That is, the ion diffusion
coefficients of cations and anions at the bottom of the system
and in the lower part of the channel are different from those at
the top of the system and in the upper part of the channel. The
space-dependent cation and anion diffusion coefficients are
given as
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Figure 5. Continuously changing diffusion coefficients of ions as a
function ofz. The cation and anion are assumed to have the same bulk
and inside-channel diffusion coefficients. The locations of the channel
entrances a = +20 A and the local control regions at= +50 A are

also shown. The diffusion coefficients are in units of 10n¥/s.
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Figure 6. Dependence of cation current densiiyoltage curves on

the inside-channel diffusion coefficients in the case of continuously
changing diffusion coefficients. Comparison between the KLGCMC

0.2

simulation results and the PNP calculations is also shown. For the same

reason as in Figure 3, only the cation current densities are presented
The bulk salt concentration is 0.1 M. The diffusion coefficients (see
inset) are in units of 1® cn¥/s.

Dcat(or ani{r) =
blk,top
DcEt(or ani) A . zz Lchr/2'
chn,upp chn,upp _ ~chn,lo
Dcat((;Jr ani)+ (Dcat(ctjr ani) Dcat(orv;ni)g(z) |Z| < I-chr/2!
blk,bot _
Dcat(o(r) ani) Z= I-chr/2

whereg(2) = (zLcnn — 1/2). For the cation diffusion coefficient,
DOKP = 1.5 x 1075 cnéls, DINP = 2.0 x 1075 cnéls,

cat cat
DEIP= 1.0 x 1075 cnfs, andDi"*" = 1.5 x 1075 cn¥s,
blk,top _ 1.0 x 1075

cat cat -~
ani

and for the anion diffusion coefficienb
cm?/s, D2RPOt =1 5 % 1075 c/s, DSMUPP= 0.5 x 1075 c?/

ani

s, andDS™M" = 1.0 x 1075 cm/s. Deafr) and Dan(r) as a

function ofz are shown in Figure 8. ABPK ! > pPlkbot pyref
cn¥/s, and the diffusion probabilities

= DRkt =20 x 105
for the cation and anion are written as

Hwang et al.
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Figure 7. Dependence of cation and anion concentration profiles on
the inside-channel ion diffusion coefficients\a= —0.2 V. (a) D"

= 2.0 x 1075 cn¥fs, (b)De"" = 1.0 x 1075 cn¥/s, and (c)D"" = 0.5

x 107% cn?/s. Comparison between the KLGCMC simulation results
and the PNP calculations is also presented. The locations of the channel
entrances a = +20 A and the local control regions at= +50 A are

also shown. The bulk salt concentration at both LC regions is 0.1 M.
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Figure 8. Asymmetric diffusion coefficients for the cation and anion
as a function o The location of the channel entrancezat +20 A
is shown. The diffusion coefficients are in units of 2@n¥/s.

Peatoran")

dif —
Pcl’:lt(or ani{r) - Dref (15)

Figure 9 shows the total, cation, and anion current density
voltage curves. The KLGCMC simulation results show good
agreement with the PNP calculations. Due to the asymmetric
diffusion coefficients of the ions in both baths and inside the
channel, the current densities for the cation and anion are not
symmetric with respect t&, = 0 V. However, note that the
total current densityvoltage curve is symmetric with respect
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Figure 9. Total, cation, and anion current densityoltage curves when
cations and anions have asymmetric diffusion coefficients in both baths
as well as inside the channel. Comparison between the KLGCMC
simulation results and the PNP calculations is also shown. The bulk
salt concentration is 0.1 M.

Concentration (M)

to Vo = 0 V. The higher diffusion coefficient of the cation than
that of the anion in all the regions leads to the higher cation
current densities than the anion current densities. There is no
net current density for the cation or anion\gt= 0 V despite z(A)
the asymmetric diffusion coefficients. It appears tha¥@t 0 Figure 10. Cation and anion concentration profilesvgt= —0.2, 0.0,
V, the decrease in cation diffusion coefficient along the channel and 0.2 V. Comparison between the KLGCMC simulation results and
as {42 direction) causes downward movement of cations. S P SSEURHers i sk presst, The beasons o e Srame
;’gﬁ'ﬁg gcr)c\:\(/jnuvsgrs dan:ﬁ?;tr:\;ifgfr ?;};ﬁ;}?ﬁecggggh Egnwceevr?t;;tjigﬁ also shown. The bulk salt concentration at both LC regions is 0.1 M.
increases in the lower part of the channel. The increase in cation
concentration in the lower part leads to a positive cation
concentration gradient, which produces a positive current. As
the result, the negative and positive currents cancel each other
Cation and anion concentration profilesvat= —0.2, 0, and
0.2 V are shown in panels-& of Figures 10. AV, = —0.2 V,
cations move downward and anions move upward. Because th
diffusion coefficients of ions decrease along the channel axis
(+z direction), anions move slower and pile up inside the
channel more than cations. On the contrary, the concentration
of cations increases inside the channélgt 0.2 V. The cation
concentration inside the channel\&t= 0.2 V is smaller than
the anion concentration aty = —0.2 V because the cation
diffusion coefficient is larger than the anion diffusion coefficient
inside channel and bath. In Figure 10c, there is no increase of
cation or anion concentration inside the channel.

In the examples in this paper, a simple static field was used
and fixed charges inside the channel were ignored. Also ignored
is the reaction field effect which can play an important role in
jon transport through an ion channel. Also, small ions were used
to reduce finite size effects for the icid*and thereby to make
it possible to test the KLGCMC method by comparison with
€PNP results for the same problem. The good agreement between
results which we found indicates that the move probability
algorithm is working correctly. In addition, the results provide
insights concerning the influence of spatial anisotropy in the
diffusion constant on the ion currents.

Combining this algorithm with a more realistic KLGCMC
simulation method that we have previously developpdyvides
a method that can be used for realistic ion channel problems
where the inhomogeneous diffusion of ions inside the channel
are important. This algorithm can also be used to describe the
inhomogeneous diffusion of particles in other lattice-based

) ) ) simulations such as dip-pen nanolithography (DPN) simula-
In this paper, we have presented an algorithm to implement tjpng35.36

inhomogeneous ion diffusion coefficients into a KLGCMC
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